Reversing the Weak Quantum Measurement for a Photonic Qubit 
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We demonstrate the conditional reversal of a weak (partial- collapse) quantum measurement on 
a photonic qubit. The weak quantum measurement causes a nonunitary transformation of a qubit 
which is subsequently reversed to the original state after a successful reversing operation. Both the 
weak measurement and the reversal operation are implemented linear optically. The state recovery 
fidelity, determined by quantum process tomography, is shown to be over 94% for partial- collapse 
strength up to 0.9. We also experimentally study information gain due to the weak measurement 
and discuss the role of the reversing operation as an information erasure. 
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The projection postulate states that measurement of 
a variable of a quantum system irrevocably collapses the 
initial state to one of the eigenstates (corresponding to 
the measurement outcome) of the measurement operator 
and is one of the basic postulates of the standard quan- 
tum theory [l|,IH. The initial state can never be recovered 
after a projection measurement on a quantum system. 

If the measurement is not sharp (i.e., non-projective 
measurement), however, the situation is different. It is 
possible to reverse the measurement-induced state col- 
lapse and the unsharpness of a measurement has been 
shown to be related to the probabilistic nature of the re- 
versing operation which can serve as a probabilistic quan- 
tum error correction In particular, practical schemes 
for reversing the state collapse due to a weak (or partial- 
collapse) measurement in a solid-state qubit have been 
proposed in Ref. ^] and one of the schemes has recently 
been demonstrated using a superconducting phase qubit 
in Ref. [5^. 

Since single-photon states and linear optics play im- 
portant roles in quantum communication and quantum 
computing research 0, H, , it is of interest and impor- 
tance to investigate how the measurement-induced state 
collapse due to a weak measurement can be reversed for 
a photonic qubit. In this letter, we report a linear op- 
tical implementation of conditional reversal of weak (or 
partial-collapse) quantum measurements on a photonic 
qubit. We demonstrate experimentally that a nonuni- 
tary transformation of a photonic qubit, caused by a 
weak quantum measurement, can be reversed by apply- 
ing an appropriately designed reversing operation. We 
also quantify and experimentally study information gain 
due to the weak measurement and discuss the role of the 
reversing operation as an information erasure. 

Consider the initial state of a qubit represented in 
the computational basis, \iIjo) = a|0) + where 
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|ap + = 1. Ordinary projection measurement in the 
computational basis would collapse the state into |0) (or 
|1)) with the probability equal to |ap (or |/3p). The pro- 
jection measurement cannot be reversed because the pro- 
jection operators Pq = |0)(0| = (Jg) and Pi = |1)(1| = 
{qi) do not have mathematical inverse. An unsharp 
measurement on the qubit, however, can be reversible 
(although with a less than unity success probability) and 
the probability of successful reversal is related to the un- 
sharpness of the measurement [3]. 

The unsharp measurement that we consider in this pa- 
per is the weak or partial-collapse measurement discussed 
Ref. [3,^, originally intended for a solid-state qubit. An 
essential part of the weak measurement is a detector, 
which measures the qubit, function as follows: the detec- 
tor clicks with a probability p if the qubit is in the |1) 
state and never clicks if the qubit is in the |0) state. The 
detector, thus, provides some partial information about 
the initial state of the qubit and, as we shall show later, 
the detector's output (click or no click) can be used to 
guess the initial state. 

Let us first assume that the detector has clicked. This 
situation is identical to the normal projection measure- 
ment in which the state of the qubit is irrevocably col- 
lapsed to the |1) state. The measurement operator de- 
scribing this situation can be written as Mi = 1) (1 1 = 

versible and, therefore, is of no interest to us. 

Now, consider the situation in which the detector 
has not clicked. The measurement operator M2 cor- 
responding to this situation can be evaluated by us- 
ing the relation 1 = M|Mi + M2M2 and is given by 

M2 = |0)(0| + yr^|l){l| = (J ^j^) . The null 

output of the detector, therefore, corresponds to apply- 
ing the M2 measurement operator to the qubit and this 
is precisely the weak (or partial-collapse) measurement 
that we are interested in this paper. 

The state of the qubit right after the null 
outcome of the detector is given as, \^pm) = 



M2\^o)/\I{^o\mIM2\^o) = a'\0) where a' = 

- and = PVT^/^yi - To reverse 

the effect of the weak measurement, i.e., to recover the 
original state \ipo) from the state \^l^m)^ we only need to 



apply the inverse of M2, M2 ^ = 







p 



to 



Mo"' = 



the state Itpm) and the reversing operation exists 
mathematically as long as the variable p, defined as the 
partial-collapse strength, is less than unity. (The normal 
projection measurement corresponds to p = 1.) 

Assuming that M2 may be implemented for a pho- 
tonic qubit, let us now examine how can be re- 
alized experimentally. Since can be re- written as 

we define the physical implementation of the reversing 
operation as M2®^, i.e., the sequence of a bit-flip oper- 
ation, another weak measurement M2, and a final bit 
flip operation. The probability of successful reversal will 
always be less than unity and depend on the partial- 
collapse strength p as M^®^ does not include the constant 

The experimental setup to implement the weak mea- 
surement and the reversal operation for a photonic qubit 
is schematically shown in Fig. [TJ The single-photon state 
necessary for the implementation was prepared by spon- 
taneous parametric down-conversion (SPDC) A 
405 nm cw multi-mode diode laser was used to pump a 
3 mm thick type-II BBO crystal to generate a pair of 
collinearly propagating SPDC photons centered at 780 
nm (signal) and 842.4 nm (idler). The idler photon was 
detected at a trigger detector (not shown in Fig. [T]) and 
an 80 nm bandpass filter was used in front of the trigger 
detector to reduce noise. When the trigger detector de- 
tects the idler photon, the signal photon is conditionally 
prepared in the single-photon state [Uj • The initial 
state of the photonic qubit lipo) is then prepared by po- 
larization encoding of the heralded single-photon state 
with a set of half- wave and quarter- wave plates (WP). 

The weak (or partial-collapse) measurement on the 
photonic qubit is implemented by using an uncoated glass 
plate oriented at the Brewster angle (BP) and a single- 
photon detector positioned at the reflected mode, see 
Fig. [TJ Since BP only reflects the vertical polarization 
state, with a probability of reflection p, finding a 
single-photon in the reflected mode (identified by a click 
at the single-photon detector) is equivalent to subjecting 
the photonic qubit to Mi measurement and this results 
in irreversible state collapse to the state For the weak 
measurement, M2, we must consider the conjugate out- 
come in which the reflected mode of BP is not occupied 
by the single-photon (hence the single-photon detector 
does not click). The null event at the single-photon de- 
tector in the reflected mode of BP (dark port in Fig. [T|) 
unambiguously signals that the single-photon found in 




FIG. 1: Schematic of the experimental setup. The her- 
alded single-photon state is used for encoding the polarization 
qubit |'0o) with a set of quarter and half- wave plates (WP). 
The partial-collapse measurement is implemented with a set 
of Brewster- angle glass plates (BP) and the partial-collapse 
strength p is varied by increasing the number of BP's. The 
reversing operation requires two half- wave plates (HWP), in 
addition to the BP. Qubit state tomography is performed with 
WP and a polarizer (P). 



the transmitted mode of BP has been subjected to the 
weak measurement M2 and the original state lipo) has 
been partially collapsed to |V^rn)- 

Since the scheme is implemented using the heralded 
single-photon state, there is no need to monitor the dark 
port in practice [l2[. Recording the coincidence event 
between the trigger detector and the detector placed in 
the transmitted mode of BP is sufficient to implement 
the weak measurement M2 on the photonic qubit without 
any background noise. The partial-collapse strength p of 
the weak measurement can be increased by stacking more 
bp's and, in the experiment, p is varied between 0.4 and 
0.9 [13]. The reversing operation M^®^ is implemented 
with two half-wave plates for the bit-flip operations and 
a set of bp's for the weak measurement M2 whose partial 
collapse strength p is identically set to the initial weak 
measurement. 

Finally, coincidences between the trigger and the sig- 
nal detectors were recorded and the signal detector was 
equipped with a 12.5 nm bandpass filter centered at 780 
nm. To determine the state of the photonic qubit com- 
pletely, quantum state tomography was performed to the 
heralded single photon state by making projection mea- 
surements in different measurement basis with WP and 
a polarizer (P) [14]. 

In experiment, we tomographically analyzed the input 
state IV^o), the partially-collapsed state \^|^m)^ and the re- 
covered state by sequentially adding the partial-collapse 
measurement and the reversing operation, corresponding 
to a specific partial-collapse strength p, to the experi- 
mental setup for state preparation. The experiment was 
then repeated for a different value of p. 

Total of 14 input states were experimentally tested 
and, in Fig. [SJ the results of quantum state tomogra- 
phy for four important input states (|i^), \V), \A) = 
{\H) - \V))/V2, and \L) = {\H) ^ i\V))/V2) are re- 
ported. It is evident from the experimental data that 
the partial-collapse measurement has little effect on the 
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FIG. 2: The initial states (first row), the states after the 
partial- collapse measurement (second row), and the recovered 
states (third row) are represented on the Bloch sphere, as 
measured by quantum state tomography. For the second and 
the third rows, the points on the Bloch sphere correspond to 
varied partial-collapse strength p. The fourth row shows the 
fidelities between the initial states and the recovered states 
as functions of the partial- collapse strength. The input states 
are (a) \H), (b) |L), (c) \V), and (d) \A). 

computational basis states \H) and but the state 
collapse due to the measurement is clearly demonstrated 
for the other input states. The experimental data rep- 
resented on the Bloch sphere also show that the revers- 
ing operation M^®^ restores the partially-collapsed state 
\il)m) back to the original state |?/^o) quite faithfully: the 
fidelities (shown in the fourth row of Fig. [2|) calculated 
between the recovered states and the input states are 
shown to be over 94% for all 14 input states and all the 
partial-collapse strength p tested in the experiment. 

The quantum state tomography data shown in Fig. [2] 
for the four input states (|i^), \L)^ |V), and \A)) then 
allow us to completely characterize quantum operations 
involved in this experiment, namely the weak measure- 
ment M2 and the reversing operation M^®^ [2]. The 
matrix Xi known as the quantum process tomography 
(QPT) matrix, completely characterizes the quantum op- 
eration and the QPT matrix x was reconstructed exper- 
imentally from the experimentally reconstructed density 
matrices for the input states, the first row in Fig. O and 
for the recovered states, the third row in Fig. [21 using the 
maximum-likelihood estimation process |15l] . 

In Fig. [31(a), the QPT matrix in the Pauli matrix 
basis (/,X, y, Z), for both the weak measurement M2 
and the recovering operation M^®^ together at partial- 
collapse strength p = 0.895 is shown. Since the reversing 



0.4 0.5 0.6 0.7 0.8 0.9 1.0 
Partial Collapse Strength (p) 

FIG. 3: (a) Quantum process tomography matrix x for both 
the partial- collapse measurement and the reversing operation 
together at partial-collapse strength p — 0.895. It is clear that 
the quantum process due to the partial- collapse measurement 
and the reversing operation together is mainly of the identity 
operation acting on the qubit. (b) The fidelity of the quan- 
tum process is over 94% for all the partial-collapse strength p 
tested in the experiment. 

operation is supposed to completely (albeit probabilis- 
tically) recover the initial quantum state, the quantum 
operation involving both M2 and M^®^ should ideally be 
an identity operation and the corresponding QPT matrix 
should be peaked at (/, /) only for Re[x\. The experimen- 
tal X shown in Fig. [Sja) clearly confirms this prediction. 

To have quantitative understanding on the perfor- 
mance of the reversing operation, we have determined the 
QPT matrices for both M2 and M^®^ operations together 
for a number of partial-collapse strength p and obtained 
the reversing fidelity F = tr[xexpXideai], defined as the 
overlap of the experimentally reconstructed QPT matrix 
Xexp and the ideal one Xideai peaked at (/, /) only for 
^e[xideai]- The result shown in Fig. [31(b) demonstrates 
that the reversing operation functions quite well as de- 
signed: the fidelity of the quantum process is over 94% 
for all partial-collapse strength tested in the experiment. 

Let us now discuss the experiment in the context of in- 
formation gain via the weak measurement. The detector 
output (click or no click) allows us to guess the initial 
state of the quantum system, pc^ and the quality of our 
guess can be quantified with the estimation fidelity, de- 
fined as Gavg = / (V^oIpgI^o)g^^o [H, 

First, consider the following guessing strategy: if the 
detector clicks (i.e.. Mi measurement occurs), we guess 
the initial state as |1) and if there is no click at the de- 
tector (i.e., M2 measurement occurs), we guess that the 
qubit was more likely in the |0) state than in the |1) state 
0, Therefore, our guess for the initial state of the 
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FIG. 4: Information gain via the weak measurement (quan- 
tified as Gavg) for the two guessing strategies discussed in 
the text as functions of the partial-collapse strength p. The 
random guess and the projection measurement correspond to 
p = and p = 1, respectively. Solid lines are theory plots. 



qubit is =Pi|l)(l|+P2{p|0)(0| + (l-p)|l)(l|}, where 
p is the partial-collapse strength, Pi = {iIjo\mIMi\iIjo) = 
p\p\^, andP2 = {i^o\MlM2m = \a\^ ^ {1 - p)\p\\ It 
is then straightforward to show that G^^g = (3 +p^)/6. 
When no measurement is made (random guess; p = 0), 
GLcr = 1/2 and if p = 1 (projection measurement), 
= 2/3, as it should be for a qubit 
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Although the above guessing strategy may look rea- 
sonable, it is not the optimal one. The optimal strat- 
egy is, in fact, to simply guess the initial state as |0) if 
the detector does not click (M2 measurement). Formally 
speaking, the optimal guessing strategy must choose the 
eigenstate of a measurement operator associated with 
the largest eigenvalue [l^. For the M2 operator, this 
corresponds to the |0) state. The guessed state is then 
Pg = H-^2|0)(0| and this leads to the estimation 

fidelity Gi4 = (3+p)/6. 

In Fig. m we show the estimation fidelities for both 
guessing strategies. The experimental estimation fideli- 
ties are obtained by evaluating (ipolpGli^o) from the ex- 
perimental data for a set of initial states and then by 
averaging them [l7j. Clearly, the second strategy of- 
fers a better estimation fidelity when the partial-collapse 
strength does not correspond to the random guess {p = 0) 
and the projection measurement {p = 1). 

The reversing operation then erases the information 
gained via the weak measurement. Since both the weak 
measurement and the reversing operation are successful 
only when all the reflected modes of BP's in Fig. [1] are 
not occupied by a photon, the overall operation can be 
written as M^^^M2 = lyT^ . Thus, the probability of 
successful reversal is 1 — p regardless of the input state, 
indicating that the experimenter cannot learn anything 
about the initial state from the success probability deter- 
mined with an identically prepared ensemble of qubit s. 
The estimation fidelity in this case, obviously, is always 
1/2 which is equivalent to randomly guessing the input 



state and, therefore, there is no information gain if the 
reversal operation is successful. In other words, the in- 
formation gained via the weak measurement has been 
erased by the reversing operation. 

In summary, we have demonstrated a linear optical 
implementation of the weak (partial-collapse) quantum 
measurement and conditional (probabilistic) reversal of 
the weak measurement for the photonic qubit. The quan- 
tum states and the involved quantum processes are quan- 
titatively analyzed by using quantum state and process 
tomography techniques. Moreover, we have quantified 
and experimentally studied information gain due to the 
weak measurement and discussed the role of the reversing 
operation as an information erasure. 
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